COUNTING WORDS OF MINIMUM 
LENGTH IN AN AUTOMORPHIC ORBIT 



DoNGHi Lee 

Abstract. Let u he a cyclic word in a free group F„ of finite rank n that has the minimum length 
over all cyclic words in its automorphic orbit, and let N{u) be the cardinality of the set {v : \v\ = \u\ 
and V = (l){u) for some (j) G Aut_F„}. In this paper, we prove that N{u) is bounded by a polynomial 
function with respect to |u| under the hypothesis that if two letters x, y with x ^ occur in u, then 
the total number of occurrences of x^^ in u is not equal to the total number of occurrences of y^^ in u. 
A complete proof without the hypothesis would yield the polynomial time complexity of Whitehead's 
algorithm for F„. 



1. Introduction 

Let Fn be the free group of finite rank n on the set {xi,X2, ■ ■ ■ We denote by E the set 

of letters of F„, that is, S = {xi, X2, • • • , As in [1, 5], we define a cyclic word to be a 
cyclically ordered set of letters with no pair of inverses adjacent. The length \w\ of a cyclic word w 
is the number of elements in the cyclically ordered set. For a cyclic word w in Fn, we denote the 
automorphic orbit {ij{w) : ip G AutF„} by OrbAutF„ ('U^)- 

The purpose of this paper is to provide a partial solution of the following problem raised by 
Myasnikov-Shpilrain [6] : 

Problem. Let u be a cyclic word in F„ which has the minimum length over all cyclic words in its 
automorphic orbit Or6Aut_F„ ("u), and let N{u) be the cardinality of the set {v G OrbAutF„iu) '■ \v\ = 
\u\}. Then is N{u) bounded by a polynomial function with respect to \u\ ? 

This problem was settled in the affirmative for F2 by Myasnikov-Shpilrain [6], and Khan [3] 
improved their result by showing that N{u) has the sharp bound of 8\u\ — 40 for F2. The problem 
was motivated by the complexity of Whitehead's algorithm which decides whether, for given two 
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elements in there is an automorphism of that takes one element to the other. Indeed, 
a complete positive solution to the problem would yield that Whitehead's algorithm terminates 
in polynomial time with respect to the maximum length of the two words in question (see [6, 
Proposition 3.1]). Recently, Kapovich-Schupp-Shpilrain [2] proved that Whitehead's algorithm 
has strongly linear time generic-case complexity. In the present paper, we prove for with n > 2 
that N{u) is bounded by a polynomial function with respect to \u\ under the following 

Hypothesis 1.1. (i) A cyclic word u has the minimum length over all cyclic words in its auto- 
morphic orbit OrbAutF„{u)- 

(a) If two letters Xi (or x^^) and Xj (or ) with i < j occur in u, then the total number of 
x^"*^ occurring in u is strictly less than the total number of x^^ occurring in u. 

Before we state our theorems, we would like to establish several notation and definitions. As in 
[1, 5], for A, 5 C S, we write A+B for AUB HAnB = 0, and A-B for An B" if B C A, where 5^= 
is the complement of i? in E. We define a Whitehead automorphism a of F„ as an automorphism 
of one of the following two types (cf. [4, 7]): 

(Wl) a permutes elements in E. 

(W2) a is defined by a set A C E and a multiplier a G E with both a, ^ ^ in such a way that 
if a:; G E then (a) (t(x) = xa provided x & A and x~^ ^ A; (b) (t(x) = a~^xa provided both 
X, x~^ G A; (c) a{x) = x provided both x, x~^ ^ A. 

If a is of the second type, then we write a = {A, a). By {A,a~^), we mean the Whitehead 
automorphism (£ — A — a"^^ , a~^) . It is then easy to see that {A,a){w) = {A,a~^){w) for any cyclic 
word w in Fn- 

For a Whitehead automorphism a of the second type, we define the degree of cr as follows: 

Definition 1.2. Let a = {A, a) be a Whitehead automorphism of F^ of the second type. Put 
A' = {i : either Xi & A or x^^ & A, but not both}. Then the degree of a is defined to be m.ax.A' . If 
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A' = then the degree of a is defined to be zero. 

Let w he a fixed cyclic word in F„ that satisfies Hypothesis 1.1 (i). For two letters x, y G S, we 

say that x depends on y with respect to w if, for every Whitehead automorphism {A, a) of such 
that 

a^{x^\y^^}, {y^^} n A ^ ID, and 3v e OrhAutpAw) : \iA,a)iv)\ = \v\ = \w\, 
we have {x^^} C A. Then we have the following 

Claim. If X depends on y with respect to w, then y depends on x with respect to w. 

Proof. Suppose on the contrary that y does not depend on x. Then there exists a Whitehead 
automorphism {A,a) of F„ such that a ^ {2;='=-'^,?/='=^}, x^^ CiA^iJ}, \{A,a){v)\ = \v\ = \w\ for some 
V G OvhAutF„{w), but such that y^'^ ^ A. Then \{A,a~'^){v)\ = \v\ = \w\ and y^^ D A 0. Since 
X depends on y, x"^^ C A. This gives x"^^ ("1^ = 0, which is a contradiction. □ 

We then construct the dependence graph of w as follows: Take the vertex set as S, and 
connect two distinct vertices x, y G S by a non-oriented edge if either y = x~^ or y depends on x 
with respect to w. Let Cj be the connected component of F^ containing Xj. Here, we make the 
following 

Remark, (i) F^ = F^ for any v G OrbAutF„{w) with \v\ = \w\. 
(a) If Xi depends on Xj, then Ci = Cj. 

(Hi) If G Ci with i 7^ j, then every Whitehead automorphism {A,a) such that either Xi E A 
or x^^ G A but not both and such that \{A,a){v)\ = \v\ = \w\ for some v G OrbAutFr.i'w) must have 
the multiplier a only in Ci, for otherwise x^^ C A but then x^^ ^ A, which is a contradiction 
because xf^ n ^ / 0. 

Clearly there exists a unique factorization 

w = V1V2 ■ ■ ■ Vk (without cancellation). 
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where each Vi is a non-empty (non-cyclic) word consisting of letters in Cj. with Cj. ^ Cj.^^ {i mod 
k). The subword Vi is called a Cj.-syllahle of w. By the Ci-syllable length of w denoted by lu'lci, 
we mean the total number of Cj-syllables of w. 

For Theorem 1.4, we suppose further that a cyclic word u satisfies the following 

Hypothesis 1.3. (i) The Cn-syllahle length \u\c^ of u is minimum over all cyclic words in the set 
{v e OrbAutF„(^i) : \v\ = \u\}. 

(a) If the index j (I < j < n — 1) is such that Cj ^ Ck for all k > j, then the Cj -syllable length 
\u\cj of u is minimum over all cyclic words in the set {v G Orb\utF„iu) : \v\ = \u\ and \v\c^, = 
\u\ck for all k > j}. 

For an easy example, consider the cyclic words and V = xiX2Xix'^x^ in F4. Clearly 

V is an automorphic image of u with \v\ = \u\, so r„ = Ty. The dependence graph r„ = Ty has four 
distinct connected components, each Cj of which contains only x^^. Then u satisfies Hypotheses 
1.1 and 1.3, whereas v satisfies Hypotheses 1.1 and 1.3 (i) but not Hypothesis 1.3 (ii), because the 
Ci-syllable length of v can be decreased without changing \v\ and \v\ci for all i > 1. 

For another example, let 1i — X-^X^^X^X^X^ x^x^x^ and V = xlxlx2X4X^ ^x^x^^x^ be cyclic words 
in F4. Then v is an automorphic image of u with = so r„ = F^. In the dependence 
graph Fy = F^, there are three distinct connected components Ci, C2, C3 = C4. While u satisfies 
Hypotheses 1.1 and 1.3, v does not satisfy Hypothesis 1.3 (i), because the C4-syllable length of v 
can be decreased without changing \v\. 

Now we are ready to state our theorems, whose proofs will appear in Sections 3-4. 

Theorem 1.4. Let u be a cyclic word in that satisfies Hypotheses 1.1 and 1.3. Let ai, i = 
be Whitehead automorphisms of the second type such that | cr, •■• (7i(u)| = \u\ for all i. 
Then there exist Whitehead automorphisms ti,T2, . . . ,Ts of the second type such that 

Of- a2ai{u) = Ts • • • T2Ti{u), 
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where max deg CTj > degr^ > degr^-i > • • • > degri, and \Tj ■ ■ ■ t-\_{u)\ = \u\ for all j = 1, . . . , s. 

l<i<i 

Theorem 1.5. Let u be a cyclic word in that satisfies Hypothesis 1.1, and let N(u) he the 
cardinality of the set {v € Or6AutF„('") : |^^| = I""!}- ThenN{u) is hounded hy a polynomial function 
of degree n{5n — 7)/2 with respect to \u\. 

The main idea of the present paper is to prove that the action of an automorphism on an element 
which satisfies Hypotheses 1.1 and 1.3 can be factored into a composition of automorphisms of 
ascending degrees, which will be achieved through Lemmas 3.1, 3.2 and Theorem 1.4. The proof 
of Theorem 1.4 will proceed by double induction on £ and r, where i is the length of the chain 
(T^ • • • a"2<Ti and r = max degcxj, with Lemma 3.1 (the case for £ = 2 and any r) and Lemma 3.2 

l<i<£ 

(the case for r = 1 and any £) as the base steps of the induction. 

Let Nk{u) be the cardinality of the set {(p{u) : cp can be represented as a composition • • - ti 
{s G N) of Whitehead automorphisms Tj of F„ of degree k such that |Tj---ri(n)| = |n| for all 
i = 1, . . . , s}. Then bounding N{u) reduces to bounding each Nk{u), as will be shown in the proof 
of Theorem 1.5 using the result of Theorem 1.4. Lemma 4.1 will be devoted to bounding No{u), 
and Lemma 4.2 will show that Nk{u) for > 1 is at most Nq{Vu), where Vu is a certain sequence 
of cyclic words constructed from u, thus bounding Nf~{u) for > 1. Furthermore in Theorem 1.5 
we will specifically give a bound for the degree of a polynomial bounding N{u). 

2. Preliminaries 

We begin this section by setting some notation. Let w be a fixed cyclic word in F„. As in [1], 
for x,y E x.y denotes the total number of occurrences of the subwords xy~^ and yx~^ in w. 
For A, B CTi, A. B means the sum of a. b for all a G A, 6 G B. Then obviously a.S is equal to the 
total number of a^^ occurring in w. For two automorphisms (j) and ■i/' of by writing (p = ip we 
mean the equality of (f) and ip over all cyclic words in F„, that is, (f){v) = ip{v) for every cyclic word 
V in Fn. 
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We now establish two technical lemmas which will play a fundamental role in the proofs in 
Sections 3 and 4. 

Lemma 2.1. Let u be a cyclic word in Fn that satisfies Hypothesis 1.1 (i), and let a = (A,a~^) 
and T = {B,b) be Whitehead automorphisms of Fn such that \cr{u)\ = \t{u)\ = \u\. Put A = C + E 
and B = D + E, where E = AnB. Then 

(i) if a~^ = b, then \{E,a~^){u)\ = \u\; 

(ii) ifa-^ + b, a^^ ^B andb^A, then \{C,a-'^)(u)\ = \{D,b)(u)\ = \u\. 

Proof. It follows from [1, p. 255] that 

J \a{u)\ - \u\ = {A + a-^).{A + a'^)' - a.S; 
1 |r(n)| - \u\ = {B + b).{B + b)' - 

where (A + a"^)' = S- (^ + a"^) and {B + b)' = 'E-{B + b). Since \(t{u)\ = |r(n)| = |n|, we have 
{A + a-^).{A + a-^y - a.T, = {B + b).{B + b)' - b.T, = 0, so that 

{A + a-^).{A + a-^y + {B + b).{B + 6)' - a.S - 6.S = 0. 

Following the notation in [1, p.257], we write Ai = A + A2 = {A + a"^)', Bi = B + b, 
B2 = {B + by and Pij = Aif] Bj. Then as in [1, p.257], we have 

r Pii.Pi'i + P22.P^2 - «-S - 6.S = 0; 
^ ' ^ I Pi2.Pi2 + ^'21.^^1 - a.S - 6.E = 0, 

where = 11 -Pij. 

For (i), assume that a~^ = b. Then we have G Pn and a € P22- It follows from the first 
equality of (2.1) that 

Pn.Pi'i + P22.P22 - a-S - a.S = (Pn.Pi'i - a.E) + (P22.P22 - a-S) 

= |(Pii - a-^,a-^){u)\ - \u\ + |(P22 - a,a)(«)| - \u\ = 0. 
Since both |(Pii — a~^,a~^){u)\ — 1"^! > and |(P22 — — |n| > by Hypothesis 1.1 (i), we 

must have |(Pii — ,a~^){u)\ = \u\, that is, \{E,a~^){u)\ = as required. 
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For (ii), assume that ^ b, a^^ ^ B and b ^ A. Then we have G P12, a ^ P12, b G P21 
and b~^ ^ ^21- Hence the second equahty of (2.1) gives us that 

Pi2.Pi2 + P21.P21 - a-S - 6.S = (Pi2.Pi'2 - a-S) + (^21.^21 - b.^) 

= \{Pi2 - a-\a-^)iu)\ - \u\ + |(P2i - b,b){u)\ - \u\ = 0. 
As above, it follows from Hypothesis 1.1 (i) that \{Pi2—a~^ , a~^){u)\ = \u\ and |(P2i— b){u)\ = \u\. 
Since P12 — = C and P21 — b = D,we have \{C,a~^){u)\ = \ {D,b){u)\ = \u\, as desired. □ 

Lemma 2.2. Let u be a cyclic word in P„ that satisfies Hypothesis 1.1, and let a = {A, a) be 

a Whitehead automorphism of such that \o{u)\ = \u\. Then a.S > 6.S for every b & A with 
6-1 ^ A. 

Proof. In view of the assumption \o-{u)\ = \u\ and [1, p. 255], we have = \a{u)\ — \u\ = {A + 
a).{A + ay -a.Y:, where (A + a)' = E-(^ + a), so that {A + a).{A + ay = a.S. Now let 6 G ^ with 
6"-^ ^ A. Then for the Whitehead automorphism t = {A + a — b,b), we have < \t{u)\ — \u\ = 
{A + a).{A + ay -b.T,. Hence {A + a).{A + ay > 6.S; thus a.S > 6.S. Here, the equality a.S = 6.S 
cannot occur by Hypothesis 1.1 (ii); therefore a.S > 6.S. □ 

Remark. By Lemma 2.2, if u is a cyclic word in that satisfies Hypothesis 1.1 and a = {A,a) 
is a Whitehead automorphism of F^ such that \cr{u)\ = \u\, then dega is at most n — 1. 

3. Proof of Theorem 1.4 

The aim of this section is to prove Theorem 1.4. The proof of Theorem 1.4 will proceed by 
double induction on £ and r, where £ is the length of the chain ag - ■ ■ cr2CTi and r = max deg CTj. 

l<i<£ 

Lemma 3.1 deals with the case for £ = 2 and any r as one of the base steps of the induction. As 
the other base step. Lemma 3.2 deals with the case for r = 1 and any £. 

Lemma 3.1. Let u be a cyclic word in P„ that satisfies Hypothesis 1.1, and let ai = {A, a) and 

£72 = {B,b) be Whitehead automorphisms of Fn such that \a20'i{u)\ = \ai{u)\ = \u\. Suppose that 
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deg (Ti > deg a2 ■ Then there exist Whitehead automorphisms ri , . . . , of Fn of the second type 
such that 

where degcri = degr^ > • • • > degri and |rj • • ■ ti(u)| = |n| for all i = 1, . . . , s. 

Proof. It suffices to prove tliat tfiere exist Wliitefiead automorpfiisms 71 , . . . , 7^ of F„ sucli tfiat 

where tlie index t is at most 3, |7i • • • 7i(tf)| = \u\ for alH = 1, . . . , i, and either degcxi = deg7t > 
deg7j for all j = 1, ... ,t — 1 or otherwise degui = deg7j for all i = 1, . . . ,t. Put u' = o"i(n); then 

|(Tf = \a2{u')\ = \u\, that is, 

(3.1) \{A,a-'){u')\ = \{BMu')\ = \u\. 

Also put c = x^egai- Upon replacing {A,a), (-6,6) by {A,a~^), {B,b~^), respectively, if necessary, 
where A = T, — A — a^^ and B = T, — B — b^^, we may assume that c e A and c^^ ^ B (clearly 
^ A). By Lemma 2.2, we have a.S > c.E; hence either a^^ ^ B or a^^ G 5, for otherwise 
deg (72 > degcTi, contrary to the hypothesis degcri > deg (72. 

We first treat four cases for a"^^ ^ B and then four cases for a"^^ E B according to whether b or 
b~^ belongs to A. For convenience, we write A = C + E and B = D + E, where E = An B. 

Case 1. ^ B and b^^ ^ A. 

We consider two cases corresponding to whether or not E is the empty set. 

Case 1.1. E = $. 

Case 1.1.1. a = b. 

It follows from [5, relation R2] that c72C7i = {A + B, a). 
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Case 1.1.2. a 7^ 6. 

By [5, relation R3], we have cr2(Ti = {A,a){B,b). 

Case 1.2. £; 7^ 0. 

Case 1.2.1. a = b. 

In view of (3.1) and Lemma 2.1 (ii), we have \{C,a~^){u')\ = \u\. Since {C,a~^){u') = {E,a){u), 
we have \{E,a){u)\ = \u\; hence 

(72(71 = {B,a)[{C,a){E,a)] = [{B,a){C,a)]{E,a) 

= (C + B,a){E,a) by Case 1.1.1, 
where degai = deg(C + B,a) > deg{E, a). 

Case 1.2.2. a"^ = b. 

Lemma 2.1 (i) together with (3.1) gives us that \{E,a~^){u')\ = \u\, so that \{C,a){u)\ = \u\; 
thus 

(72(71 = {B,a-^)[{E,a){C,a)] = [{B,a-^){E,a)]{C,a) = (£>, a-^)(C, a) 

= (C, a){D, a-^) by Case 1.1.2, 
where degai = deg(C, a) > deg(D,a~^). 

Case 1.2.3. a^^ + b. 

As in Case 1.2.1, we have |(£^, a)('u)| = |n|; hence 

(72(71 = {B,b)\{C,a){E,a)\ = \{B,b){C,a)\{E,a) 

= [(C,a)(5,6)](£;,a) by Case 1.1.2, 
where deg(7i = deg(C, a) > deg(S,6), deg(£^, a). 

Case 2. a^^ ^ B, b^ A and b~^ G A. 

We consider this case dividing into two cases according to whether or not E is the empty set. 
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Case 2.1. E = $. 

It follows from [5, relation R4] that (T2(7i = {A + B,a){B,b), where degcJi = deg(^ + B, 

deg{B,b). 

Case 2.2. E^$. 

As in Case 1.2.1, we have \{E,a){u)\ = \u\; then 

C72ai = {B,b)[{C,a)iE,a)] = [{B,b){C,a)]{E,a) 

= [{C + B,a){B,b)]{E,a) by Case 2.1, 
where degcri = deg(C + B,a) > deg{B, b), deg{E, a). 

Case 3. a^^ ^B,beA and b'^ ^ A. 

Since a2(Ti = {B, b){A, a~^), we can apply Case 2.2 to get 

aaCTi = {B,b){A,a-^) = {{A\B) + B,a-^){B,b){An B,a-^). 

Here, since {A \ B) + B = - C - a^'^ and AnB = D,we have 

(72(71 = {E - C - a^^,a-^){B,b){D,a-^) = (C, a)(S, a"^), 

where degcri = deg(C, a) > deg(S,6), deg(D,a~^). 
Case 4. a=^^ ^ B and b^^ G A. 

By Case 1.2.3 applied to (72(7i = {B,b){A,a~^), we have 

(72(71 = {B,b)iA,a-^) = {A\B,a-^){B,b)iAnB,a-^). 

From the observation that A \ B = T, - {C + B) - a^^ and An B = D, it follows that 

(72(71 = {i: - {C + B) - a^\a-^){B,b)iD,a-^) = {C + B,a){B,b){D,a-^), 

where deg(7i =deg(C + i?,a) > deg(i?,6), deg(D,a~^). 
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Case 5. a^^ G B and b^^ ^ A. 

Since 0-20-1 = iB,b~^){A,a), we have \{A,a~'^){u')\ = \{B,b~^){u')\ = \u\. This imphes by 
Lemma 2.1 (ii) that \{B \ A,b~'^){u')\ = \u\, so that 

(72(71 = {B,b-')iA,a) = [iAnB,b-^)iB\A,b-')]{A,a). 

Here, by Case 1.1.2, we have {B \ A, 6"^)(A, a) = {A, a){B \ A, 6"^); thus 

(72(71 = {AnB, b-^){A, a){B \ A, b'^). 

Since An B = C and B \ A = E - {C + B) - 6=^\ we finally have 

(72(7i = (C,6-i)(Aa)(C + B,6), 

where degcri = deg(C, b~^) = deg(^, a) = deg(C + B,b). 
Case 6. a^^ e B,b^A and b'^ € A. 
Case 6.1. c = b-^. 

By Case 3 applied to (72(7i = {B,b~^){A,a), we get 

(72(71 = (B, b-^){A, a) = {A\ B, a){B, b-^){B \ A, a"^). 

Here, we see that A\B = E + b~'^ and B\A = Yl-{C + B + b),so that 

(72(71 = {E + b-^,a){B,b){C + B + b-a^^,a), 

where degcri = deg(£^ + a) > deg(S, b), deg(C + B + b — a"^^ ,a). 
Case 6.2. 0/6"^ 

In this case, c.S > 6.S, since degcri is determined by c. Apply Lemma 2.1 (ii) to the equalities 

\{A,a-^)-^{u')\ = \{B,b-^){u')\ = \u\, that is, \{A,a){u')\ = \{B,b-^){u')\ = \u\, to obtain \{B\ 
A, b~^){u')\ = \u\. But since c e B\A and ^ B \ A, we have b.T, > c.S by Lemma 2.2, which 
contradicts c.S > 6.S. Hence this case cannot occur. 
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Case 7. a=^^ e B, b e A and ^ A. 
Case 7.1. c = b. 

Applying Case 2.2 to (72C7i = {B,b~^){A,a), we get 

(72CJ1 = (B, b-^)iA, a) = {{A \B) + B, a)(5, b-^)iA n 5, a). 
Prom the observation that {A \ B) + B = E - {D + b'^) and An B = C - b, it follows that 

(720-1 = {D + b-^ - a^^ ,a-^){B,b){C - b,a), 
where degcJi = deg(L> + b~^ — a^^, a~^) > deg(i?, b), deg(C — b, a). 
Case 7.2. c 7^ 6. 

As in Case 6.2, c.S > By Lemma 2.1 (ii) applied to the equalities \{A,a~^){u')\ = 

\(B,b-^){u')\ = \u\, we get \{B \ A,b-^){u')\ = \u\. But since c'^ G B \ A and c ^ B \ A, we 
must have 6.S > c.S by Lemma 2.2, contrary to the fact c.S > Hence this case cannot 

happen. 

Case 8. a^^ G B and b^^ G A. 

Apply Lemma 2.1 (ii) to the equalities \{A,a~^)~^{u')\ = \{B,b~^){u')\ = \u\, that is, \{A,a){u')\ = 
= to obtain \{B \A,b-^)iu')\ = |tt|; then 

(72(71 = {B,b-')iA,a-') = [iAnB,b-^)iB\A,b-')]{A,a-^). 

Since (B \A,b-^){A,a-^) = {A,a-^){B \A,b-^) by Case 1.1.2, we have 

(72(71 = (An B,b-^)iA,a-^){B \A,b-^). 

It follows from An B = T, - {C + B) and B \ A = C - b^^ that 

(72(71 = {C + B- b^\ b){A, a){C - b^\ b-^), 

where deg(7i = deg(C + B - 6=^\6) = deg(74,a) = deg(C - 6=^\6"^). 

The proof of the lemma is now completed. □ 
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Remark. The proof of Lemma 3. 1 can he applied without further change if we replace consideration 
of a single cyclic word u, the length \u\ of u, and the total number of occurrences of xf^ in u with 

m 

consideration of a finite sequence {u-\_, . . . ,Um) of cyclic words, the sum Wi\ of the lengths of 
Ml, ... , Ujn, and the total number of occurrences of xf^ in {ui, . . . , Um), respectively. 

Lemma 3.2. Let u be a cyclic word in that satisfies Hypotheses 1.1 and 1.3. Let ai, i = 1, . . . ,i, 
be Whitehead automorphisms of the second type such that |(Tj • • • C7i{u)\ = \u\ for all i. Suppose that 
max deg cxj = 1 . Then there exist Whitehead automorphisms ti,T2, . . . ,Ts of the second type such 

l<i<£ 

that 

Or-- 0-20-1 (u) = • • • T2Tx{u), 

where 1 > degr<j > deg r^-i > • • • > degri, and |rj- ■ ■ ■t\(u)\ = \u\ for all j = 1, . . . ,s. 

Proof. We proceed by induction on i. The case for £ = 2 is already proved in Lemma 3.1. Now 
let (jj, i = 1, ...,£ + 1, be Whitehead automorphisms of F„ such that \ai ■ ■ ■ ai{u)\ = \u\ for all 
i and such that ^_ax deg CTj = 1. Then by the induction hypothesis, there exist Whitehead 
automorphisms ti , T2 , . . . , of F„ such that 

(3.2) ae+iae ■ ■ ■ a2cri{u) = a^+iTg ■ ■ ■ T2Ti{u), 

■where 1 > dcgTg > degr^-i > • • • > degri, and {tj ■ ■ ■ti{u) \ = \u\ for all j = 1, . . . , s. 

Put Tj = {Aj,aj) for j = l,...,s, and put (7^_|_i = {B,b). If deg(7^_|_i = 1 or degr,- = for 
all j, then there is nothing to prove. So let dega^+i = 0, and let t {1 < t < s) be such that 
degTs = degTs_i = • • • = degr^ = 1 and degrt_i = • • • = degT2 = degri = 0. Upon replacing 
Tj and (7^+1 by {Ai,a^^) and {B,b~^), respectively, if necessary, we may assume that xi G Ai 
for all t < i < s and that xf^ ^ B. We may also assume -without loss of generality that {B, h) 
cannot be decomposed into {B2,b){Bi,b), where B = Bi + B2, deg{Bi,b) = deg{B2,b) = and 
\{Bi,b)Ts ■ ■■Ti{u)\ = \u\. 
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Claim 1. We may further assume that Tg = {As,as) cannot be decomposed into {As2,as){Asi,as), 
where Ag = Agi + As2, deg(^si,as) = 0, deg{As2,as) = 1, \{Asi,as)Ts-i ■ ■ ■ ti{u)\ = \u\, and 
af^ ^ Agi for all i with t < i < s. 

Proof of Claim 1. Suppose that can be decomposed in the same way as in the statement of the 
claim. Then continuously applying Case 1 or Case 4 of Lemma 3.1 to (^si,as)rs_i • • - Tj at most 
1 + 2 + 2^ + • • • + 2*~*~^ times (here, note that if s = i, we do not need to apply Lemma 3.1), we 
get 

{Asi,aj)Ts-l ■■■Tt= T^_i • • • T^Ep •••£!, 

where r^_;^, . . . , r^' are Whitehead automorphisms of degree 1 and ep, . . . , ei arc Whitehead auto- 
morphisms of degree 0, so that 

(3.3) (5, 6)rs • ■ ■ Tt ■ ■ ■ Ti{u) = {B, 6)(^s2, as)r^_i • • • r^'^ ■ ■ ■ ein-i • ■ ■ ti{u), 

where the length of u is constant throughout both chains. We then replace the chain on the right- 
hand side of (3.2) with that of (3.3). □ 

We consider three cases corresponding to whether or not b = xf^. 

Case 1. b^xf\ 

For all i with t < i < s, either b^^ G Ai or b^^ ^ Ai, since degr^ = 1. If af^ € B, then the 
required result follows immediately from Case 5 or Case 8 of Lemma 3.1 applied to {B, b)Ts. So let 
af^ ^ B. If 6=^^ ^ As and A^CiB = 0, then by Case 1.1.2 of Lemma 3.1 we have iB,b)Ts = Ts{B,b). 
Also if G As and B C As, then Case 4 of Lemma 3.1 yields that (5, b)Ts = Ts{B, b). Hence, in 
either case, we have 

{B, b)Ts ■ ■ -Tf ■ ■Ti{u) = Ts{B, b)Ts-l ■ ■ ■ Tf ■ ■ ■ Ti{u); 

then the desired result follows by induction on s — t. Now suppose that either both 6=*=^ ^ As and 
As (1 B ^ ^ oi both b^^ & As and B <^ As. We argue two cases separately. 
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Case 1.1. af^ ^ B, b^^ ^ and A^nB^^^. 

By Case 1.2.3 of Lemma 3.1, we have {B,b)Ts = {Ag \ B,as){B,b){As D B,as); thus 

{B, b)T,---Tf- Ti{u) = {A, \ B, as){B, b){A, n B, a,)T,_i ■■■Tf- ti{u). 

By Claim 1, there is j with t < j < s such that a^^ & AgD B. Let r be the largest such index. 

First suppose that there exists a chain rjm - ■ -rji of Whitehead automorphisms r]i = {Gi,gi) of 
degree 1 with gf^ ^ B, Gi C Ag and Gi C\ B = % such that \'r]i ■ ■ ■ r]iTs ■ ■ ■ ti{u)\ = \u\ for all 
i = 1, . . . ,m and such that \{H, a~^)r]m ■ ■ ■ rjiTs ■ ■ ■ ti(u)| = \u\ for some Whitehead automorphism 
{H,a~^) of degree 1 with H C Ag. Then 

{B, b)Ts • • • ri(n) = {B, b)ri^'^ ■ ■ ■ v^Vm ■ ■ ■ ViTs ■ ■ ■ ri{u) 

— Vi^ ' ' ' Vrni^j b)rjm ■ ■ ■ TjiTg ■ ■ ■ Ti{u) by Case 1.1.2 of Lemma 3.1. 
Put V = r]m ■ ■ ■ rjiTg • ■ ■ Ti{u). By Lemma 2.1 (ii) applied to \{B, b~^){v)\ = \{H, a~^){v)\ = \u\, we 

have \{B\H, b-^){v)\ = \u\. It follows from B \H = - {B U H) - b"^^ that \{BUH, b){v)\ = \u\, 

so that 

(S, 6)r, • • ■ ri(n) = r/r' • • • r/-'(i? \ B, b-'){B U H, b)vm • • ■ r/ir, • • • ti{u), 
where degrj^^ = deg{H \ B, b~^) = deg{B U H,b) = degrji = 1, as required. 

Next suppose that there does not exist such a chain rjm- ■ - Vi ^ above. Considering all the 
assumptions and the situations above, we can observe that this can possibly happen only in the 
case where all of and aj^ that are lost in passing from r^-i • • • ti{u) to • • ■ ti{u) were newly 
introduced in passing from r^-i • • •ti{u) to Tg • • •ti{u) for some r < q < s, and where for such 
Tq = {Aq,aJ^) (here note that a, = aj^), 

{B, b)T,---Tf- Ti{u) = {B, b){A, \ B, a,)T,_i • • • Tg+i{Aq \ {A, n B),a-^)Tq-i ■■■Tf- Ti{u), 

where the length of u is constant throughout the chain on the right-hand side. It then follows from 
Case 1.1.2 of Lemma 3.1 applied to {B,b){As \ B,as) that 

{B, b)T,---Tf- Ti(m) = {As \ B, as){B, 6)r,_i • • • Tq+i{Aq \ {A, n B),a-^)Tq-i ■■■Tf- ti{u). 
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Then induction on s — t yields the desired result, which completes the proof of Case 1.1. 
Case 1.2. af^ ^ B, b^^ e and B^A^. 

In this case, replace Tj by {Ai, a^^) for alH < i < s and then follow the arguments of Case 1.1. 
Case 2. b = xi. 

We divide this case into two cases according to whether af^EBoi not. 
Case 2.1. af^ G B. 

In this case, we have by Case 7.1 of Lemma 3.1 applied to {B,xi)ts that 

(3.4) {B, xi)t, ■■■Ti{u) = {B\A,+x^^ -a^\a-^){B,xi){A,\B-xi,as)Ts-i--- n{u). 

Here if \ 5 - xi = 0, then 

{B,xi)ts ■■■Tf ■■Ti{u) = {B - As +x^'^ - af^ ,a~^){B,xi)Ts-i ■■■Tf ■■ti{u); 

hence the desired result follows by induction on s — t. 

So let \ S — 7^ 0. By Claim 1, there is j with t < j < s such that af^ E As\B — xi. Let 
r be the largest such index. The following Claims 2-4 show that we may assume that a^., a<j and 
xi belong to distinct connected components of the dependence graph of u. 

Claim 2. a^. and xi belong to distinct connected components o/r„. 

Proof of Claim 2. Suppose on the contrary that Or and xi belong to the same connected component 
Ci. Put W = {a : a is a Whitehead automorphism of degree such that \a{v)\ = = \u\ for some 
ve Orb AutF„(M)}. Then by (3.4), (^g\5-xi,as) G Wand G W. Since ^ ^^V^-a^i 

and a^^ e Ag \ B — xi, we see from the construction of r„ that Ug also belongs to Ci and that 
every path from Ur or to xi or x^^ passes through or aj^. Also since a^^ ^ B and af^ G B, 
every path from Ug or aj^ to or passes through xi oi x^^ , which contradicts the above fact 
that every path from or to xi or x^^ passes through Ug or a~^. □ 
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Claim 3. We may assume that and x\ belong to distinct connected components ofV^- 

Proof of Claim 3. Suppose that and xi belong to the same connected component Ci. First 
consider the case where there exists a chain Cfe ■ ■ ■ Ci of Whitehead automorphisms Q = {Ei,ei) of 
degree 1 with ef^ G B and Ei d {B + x{) such that |Cj • • • Ci''"s ■ ■ ■'>'i{u)\ = \u\ for ah z = 1, . . . , A; 
and such that \{H,a~^)(k ■ ■ ■ Ci^s ■ ■ ■ ti{u)\ = \u\ for some Whitehead automorphism {H,a~^) of 
degree 1 with H C Ag. Then 

{B, xi)ts • ■ ■ Ti(n) = {B, Xi)Cr^ • ■ ■ Ck^Ck ■ ■ ■ CiTs ■ ■ ■ ri{u) 

= pk - ■ ■ xi)C,k ■ ■ ■ CiTs • • • ti(m) by Case 7.1 of Lemma 3.1, 
where pi = (B\ Ek+i-i + x^^ - e^^j_ ., e^^j_ •) for z = 1, . . . , A;. Put v = (k--- CiTs ■■■ti{u). Then 
\{B,xi){v)\ = \{H,a-^){v)\ = \u\, that is, \{B,xi){v)\ = \{H,ar){v)\ = \u\. By Lemma 2.1 (ii) 
apphed to these equaUties, we have |(^ \ B,ar){v)\ = \u\, so that 

\{H + {H\B),ar){H,a;^)Ck---Cirs---n{u)\ = \u\. 

It then fohows from H + {H \ B) = - {B \ H) - a^'^ that 

\{B\H,a;'){H,a;')Ck---Cirs---Ti{u)\ = \u\. 

This impUes that {B\H,a~^) G W, where W is defined in the proof of Claim 2. Since af^ G B\H 
and xf^ ^ B\H, Gr must also belong to Ci by the construction of r„, which contradicts Claim 2. 

Next consider the case where there does not exist such a chain Cfc ' " " Ci ^ above. Considering 
all the assumptions and the situations above, we can observe that this can possibly happen only 
in the case where all of and that are lost in passing from Tg-i ■■■ ti{u) to Ts •■ ■ ti{u) were 
newly introduced in passing from Tg-i ■ ■ ■ ti{u) to • • • ti{u) for some r < q < s, and where for 
such Tq = {Aq,aJ^) (here note that Oq = aj-^), 

{B,xi)ts ■■■Tf • •ti(m) = {B,xi){As r\B,as)Ts-i ■ ■■Tq+i{Aq \ {As \B),a~^)Tq-i ■■■Tf ■■Ti{u), 
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where the length of u is constant throughout the chain on the right-hand side. It then follows from 
Case 7.1 of Lemma 3.1 applied to {B,xi){As fl B,as) that 

{B,Xi)Ts ■■■Tf • •Ti('u) 

= {B\A,+ x^^ - af\a-^){B, xi)r«_i • • • Tg+i{Ag \ {A, \ B), a7^)rg_i ■■■Tf- n{u). 

So in this case, apply induction on s — i to get the desired result of the lemma, which completes 
the proof of Claim 3. □ 

Claim 4. and as belong to distinct connected components o/r„. 

Proof of Claim 4- Suppose on the contrary that and belong to the same connected component. 
Note that a^^ ^ B, af^ € B and that {B,xi) € W, where W is defined in the proof of Claim 2. 
It then follows from the construction of r„ that and xi must belong to the same connected 
component, which contradicts Claim 3. □ 

So let Ci, Cr' and Cg' be the distinct connected components of containing xi, ar, and in 
that order. Here notice that Ci consists of only x^^, since there exists a Whitehead automorphism 
{As,as) of degree 1 such that ^ Ci and such that \{As,as){v)\ = \v\ = \u\ for some v G 
OrbAutF„ (u) (see Remark (iii) in the Introduction) . 

Put Ui = Tt-l • ■ ■Ti(n). 

Claim 5. We may assume that TiTj = TjTi for all 1 < i ^ j < t — 1. 

Proof of Claim 5. Put M. = {v : v = 4>{u) and \v\ci = \u\ci for alH = 1, . . . , n, where is a chain 
of Whitehead automorphisms of degree throughout which the length of u is constant}. Taking an 
appropriate v E M., we have Whitehead automorphisms 5j = {Dj,dj) of F„ of degree such that 

(3.5) ui = 5h---5i{v), 

where \Sj ■ ■ ■ Si{v)\ = \v\ and \Sj ■ ■ ■ Si{v)\ck. > blcfc. for the connected component Ckj containing 
dj and for each j = 1, . . . ,h. Then for any 5i = {Di, di) and 5j = {Dj,dj) with dj ^ d^^ , if we 
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replace 6i and 6j with {Di,d^^) and {Dj,dJ^), respectively, if necessary so that df^^ Dj and 
d^^ ^ Di, then Di CiDj = 0. Hence by Case 1.1.2 of Lemma 3.1 that 6j6i = SiSj; thus (3.5) can be 
re-written as 

(3.6) u, = slT;...sx...5T::...5t\'{v), 

where dki = dki' and Dki / -Dfei' provided i / i'; dk'i 7^ d^l and (5^/^^^ • • • Sk^'i)i^l'H'° ■ ■ ■ ^ti) = 
i^ktk ' ' ' '^fci^ ) ("^fe't^r ■ ■ ■ ^k''i) provided k ^ k' . Here we may assume by Case 1.2.1 of Lemma 3.1 
that Dki C -Dfei' if i < i' . Then Ski'Ski = SkiSki' by Case 1.2.1 of Lemma 3.1; hence Sk'i'^ki = ^ki^k'i' 
for any 5^% and 5k' i' in chain (3.6). Thus replace Tt-i ■ ■ ■ti{u) with the right-hand side of (3.6) to 
get our desired result. □ 

By Claim 5, we may write 

Ui = Tt-l ■ ■ ■ TpTp-i ■ ■ ■ Ti{u), 

where Tj has multiplier in C^' provided p < i < t — 1; Ti has multiplier not in C^' provided 
l<i<p-l. Put 

U2 = Tp-i ■ ■■Ti{u). 

Note that the the number of C^./ -syllables of u remains unchanged throughout this chain. 

Claim 6. There exist Whitehead automorphisms = {Ei, ai), t <i < s, such that \£i - ■ ■ £t{u2)\ = 
\u\ for all i = t, . . . , s, where Ei = $ provided Oj G Cr' ; Ei is one of the three forms Ai, Ai + Cr> 
and Ai — Cr> , whichever is smallest possible with priority given to lower i, provided Oj ^ C^'. 

Proof of Claim 6. Suppose the contrary. It can possibly happen only when the number of Cj.'- 
syllables of U2 is decreased by • • • TtTt-i ■ ■ - Tp (for some j > t) followed by a chain of Whitehead 
automorphisms of degree with multiplier in Cr' , where the length of U2 is constant throughout the 
chain. Choosing the smallest such index j, put {ji, ■ ■ ■ ,jk} = {i '■ t < i < j and Tj has multiplier 
in Cr'}- Then we can observe that there is a chain Cm ■ " " Ci of Whitehead automorphisms of 
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degree with multiplier in Cj.' such that |Cm " • ■ Ci'Oit ' ' ' 'Oi'^t-i • ■ ■ Tp{u2)\ = \u2\ and the number 
of Cj./-syllables of ■ ■ ■ CiTjjs ' ' ' TjiTt-i " ■ ■ Tp{u2) is less than that of U2- This is a contradiction, 
because through the chain Cm' " Ci'Ofc ' ' ' 'Oi'^t-i ' "Tp only Ci-syllables and C^'-syllables can mix 
and increasing the number of Ci-syllables cannot reduce the number of Cr' -syllables. □ 

For the chain • • • , we consider two cases separately. 

Case 2.1.1. \{B, xi)£s ■ ■ ■ £t{u2)\ = \u\. 

For the Whitehead automorphisms 6i = {Di,di) (p < i < t), where Di = Ai\B and di = ai 
provided xf^ ^ Ai; Di = Ai \ B and di = a^^ provided xf^ G Ai, and for the Whitehead 
automorphisms LVj = {Fj,a^_^g_j) and Uj = {Hj,aj) {t < j < s), where Fj = provided at+s-j £ 
Cr' + B; Fj = Et^s-j \ B provided at+^-j ^ Cr' + B; Hj = ^ provided Uj G B; Hj = Aj \ B 
provided aj ^ B, we have 

(3.7) {B,xi)ts ■ ■■Ti{u) = Vg ■ ■■vt^t-i ■ ■■SpUJs ■ ■ ■u;t{B,xi)£s ■ ■ ■ StTp-i ■ ■■ti{u), 

where the length of u is constant throughout the chain on the right-hand side. By Case 1, it suffices 
to consider only the chain {B, xi)£s ■ • • £tTp-i • ■ ■ ti{u). Since for every j either deg£j = 1 or £j = 1 
and since Sr = 1, the desired result follows by induction on s — t from (3.7). 

Case 2.1.2. \{B,xi)es ■ ■ ■ £t{u2)\ > \u\. 

We see that this case can possibly happen only when the cyclic word Eg ■ ■ ■ £t{u2) contains a 
subword of the form {xiWiW2W3y , where = ±1, wi {wi may be the empty word), W2 and 
are words in B, Cr> and Cg', respectively, and not all of the letters in were newly introduced in 
passing from U2 to Eg ■ ■ ■ £4(^2)- 

By Claim 5, we may write 

^^1 = n-l ■ --TqTq-i ■ ■■Ti{u), 
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where has multipher in Cg' provided q < i < t — 1\ Ti has multipher not in Cg' provided 
1 < i < g - 1. Put 

U'i = Tq-i ■ ■■Ti{u). 

Notice that the the number of C^' -syllables of u remains unchanged throughout this chain. 

Claim 7. There exist Whitehead automorphisms Aj = {Ji,ai), t < i < s, such that |Aj • • • Xt{u3)\ = 
\u\ for all i = t, . . . , s, where Ji = % provided ai G Cg' ; Ji is one of the three forms Ai, Ai + Cg' 

and Ai — Cgi , whichever is largest possible with priority given to lower i, provided ai ^ Cg^ . 

Proof of Claim 7. Suppose the contrary. In view of all the assumptions and the situations above, 
this can possibly happen only when the number of Cg' -syllables of us is decreased by Tj ■ ■ ■ TtTt-i ■ ■ - Tq 
(for some j > t) followed by a chain of Whitehead automorphisms of degree with multiplier in 
Cg', where the length of is constant throughout the chain. Choosing the smallest such in- 
dex j, put {ji, ■ ■ ■ ,jk} = {i '■ t < i < j and has multiplier in Cg'}. Then we can observe 
that there exists a chain 6m - • • of Whitehead automorphisms of degree with multiplier in Cg' 
such that \Sm ■ ■ ■ SiTj^ ■ ■ ■ Tj^Tt-i ■ ■ ■ Tq{u3)\ = \u\, and such that the number of Cg' -syllables of 
<^m ■ ■ • ^iTjk ' ' ' Tji^t-i ■ ■ ■ Tqius) is Icss than that of ^3. Reasoning as in Claim 6, we get a contra- 
diction, which completes the proof of Claim 7. □ 

We then see that \{B,xi)Xg ■ ■ ■ Xt{us)\ = \u\. Furthermore, for the Whitehead automorphisms 
Si = {Di,di) {q < i < t), where Di = Ai Ci B and = provided xf^ ^ Ai; Di = Ai Ci B 
and di = a^^ provided xf^ G Ai, and for the Whitehead automorphisms uij = (Kj,at-\-s-j) and 
Vj = {Hj,aJ^) {t <j < s), wheieKj = provided at+g-j ^ B-Cg'\ Kj = B\Jt+g-j+x^^ -a^_^^_j 
provided at-^g-j & B — Cg'] Hj = provided aj ^ B; Hj = B \ Aj + x^^ — a^^ provided aj G B, 

(3.8) {B,Xl)Tg ■ ■■Tl{u) = Vg ■ ■■VtSt-l ■ --SqUg ■ ■ ■LOt{B,Xi)Xg ■ ■ ■ XfTq-i ■ ■ ■Ti(u), 

where the length of u is constant throughout the chain on the right-hand side. By Case 1, it suffices 
to consider only the chain (B, xi)Xg ■ ■ ■ XtTq-i ■ ■ ■ti{u). Since for every j either deg A, = 1 or Aj = 1 
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and since Ag = 1, the desired result follows by induction on s — t from (3.8). This completes the 
proof of Case 2.1.2. 

Case 2.2. af^ ^ B. 

In this case, replace {B,xi) and by {B^x^^) and {Ai,a~^) for all i < i < s, respectively, and 
then follow the arguments of Case 2.1. 

Case 3. 6 = x^^ . 

Replace by {B,xi) and then repeat the arguments of Case 2. □ 

Remark. The proof of Lemma 3.2 can he applied without further change if we replace consideration 
of a single cyclic word u, the length \u\ of u, the total number of occurrences of x^^ in u, and the 
Cj-syllable length \u\cj with consideration of a finite sequence (iii, . . . , Um) of cyclic words, the sum 

m 

J2 Wi\ of the lengths ofui,..., Um, the total number of occurrences of x^ in {ui, . . . , Um), and the 

m 

sum 5^ |uj|c of the Cj-syllable lengths of ui, . . . , Um, respectively. 
i=l ' 

We are now in a position to prove Theorem 1.4. 
Proof of Theorem 1.4. 

The proof proceeds by double induction on £ and r, where i is the length of the chain ag - ■ ■ a2cri 
and r = max^deg(Ti. The base steps were already proved in Lemma 3.1 (the case for ^ = 2 and 
any r) and Lemma 3.2 (the case for r = 1 and any i). 

Let ai, i = 1, . . . ,1+1 (^ + l>3),be Whitehead automorphisms of such that \ai ■ ■ ■ ai{u)\ = 
\u\ for alH = 1, . . . ,1 + 1 and such that max deg cTj = r + 1 > 2. By the induction hypothesis 

l<i<^+l 

on £, there exist Whitehead automorphisms ti,T2, . . . ,Ts of F„ such that 

ai+iae ■ ■ ■ a2ai{u) = ae+iTg ■ ■ ■ T2Ti{u), 
where r + 1 > degr^ > degr^-i > • • • > degri, and {tj ■ ■ ■ ti{u)\ = \u\ for all j = 1, . . . , s. 
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If either degcr^+i = r + 1 or both degr^ < r and degcr^+i > r, then there is nothing to prove. 
Also if degTs < r and dega^+i < r, then we are done by the induction hypothesis on r. So let t 
(1 < t < s) be such that degr^ = r + 1 provided t < i < s and degTj < r provided 1 < i < t, and 
let deg(T^+i < r. 

Put Tj = {Aj,aj) for J = 1, . . . ,s and (7^_|_i = {B,b). Upon replacing Tj and o"^_|_i by {Ai,a^^) 
and {B,b~^), respectively, if necessary, we may assume that Xr+i € Ai for all t < i < s and 
that x^^i ^ B. We may also assume without loss of generality that {B, b) cannot be decomposed 
to {B2,b)iBi,b), where B = Bi + B2, deg(5i,6) = deg(52,6) = and 6)r, • • • ri(u)| = 
\u\. We may further assume as in Claim 1 of Lemma 3.2 that Tg = {As,as) cannot be de- 
composed to {Ag2,as){Asi,as), where A^ = A^i + A^^, deg{Asi,as) < r, deg{As2,as) = r + 1, 
\{Asi,as)Ts-i ■ ■ ■Ti{u)\ = \u\, and af^ ^ for all i with t <i < s. 

There are three cases to consider. 

Case 1. b = xi. 

If tti^^ ^ B fov all t < i < s, then continuous application of Cases 1-4 of Lemma 3.1 to 
{B, xi)ts ■ ■ - Tt at most 1 + 2 + 2^ + • • • + 2^*"* times together with the induction hypothesis on r 
yields the desired result. The following Claim shows that it is indeed true that Qi"^^ ^ B for all 
t<i<s. 

Claim. Qi^^ ^ B for allt < i < s. 

Proof of the Claim. Suppose on the contrary that Gi^^ G B for some t < i < s. First let af^ G B. 
If either xi G Ag or x^^ G Ag but not both, then we have a contradiction by Cases 6.2 and 7.2 of 
Lemma 3.1, since degr^ = r + 1 > 2. If xf^ G Ag, then by Case 8 of Lemma 3.1, 

{B,xi){Ag,ag) = {AgUB- xt\xi){Ag,ag){Ag\ B - xt\x^^), 

but the existence of (Ag \ B — in this chain contradicts Lemma 2.2, because Xr+i G 
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As\B — xf^ and x~^i ^ As\B — xf^. If xf^ ^ As, then by Case 5 of Lemma 3.1, 

{B,Xi){As,as) = {As\B,x^^)iAs,as){AsUB,xi), 

but the existence of {As U B, xi) in this chain also contradicts Lemma 2.2, since Xr+i & AsUB and 
x-^i ^ ^ U S. 

Next let af^ ^ i?. Suppose that Oj^^ G i? for some t < i < s. Let A: be the largest such index. 
Put V = Tk-i ■ ■ ■ Ti(n). If xi G Ak and x^^ ^ then we can observe based on all the assumptions 
and the situations above that there exists a Whitehead automorphism {F,xi) of degree r + 1 with 
{B Li Ak — xi) C F such that \{F,xi)Tk{v)\ = \u\. But this yields a contradiction to Lemma 2.2, 
since x^+i G F and x~^^ ^ F. For a similar reason, the case where xi ^ A}- and xj"^ G cannot 
happen, either. So vlfc must contain either both of xf^ or none of xf^. 

If there exists a chain Cp " " ' Ci of Whitehead automorphisms of degree less than or equal to 
r + 1 such that \{B,xi)TkCp ■ ■ ■ Ci{'v)\ = kfcCp " " ' Ci('^)l = ICp ' ' " Ci('*^)l = 1^1) tti^n as in the case 
where af^ G S we reach a contradiction. Otherwise, choose chains Cp ' ' ' Ci and Uq- ■ - ui of White- 
head automorphisms of degree less than or equal to r + 1 with q smallest possible such that 

■ ■ ■ i^iTkCp ■ ■ ■ Ci{v)\ = |TfcCp---Ci(^)l = \Cp---Ci{v)\ = \u\ for all j = l,...,q, and such that 
\{B,xi)u;q ■ ■■LJiTkCp ■ ■ ■ (i{v)\ = \u\. Clearly q < s - k. 

Put ujj = {Gj,gj) for j = 1, . . . ,q. If xf^ ^ A^, then we see from the choice of A; and the 
chain coq - ■ - loi that gf^ ^ A^. We also see that for the Whitehead automorphisms = {Hj,gj), 
j = where Hj = Gj \ Ak provided af^ ^ Gj; Hj = Gj U Ai- provided a^^ G Gj, 

\{B,xi)-fq ■ ■ ■ 7iTkCp ■ ■ ■ Ci{v)\ = \jj ■ • -TiTfcCp • --Ciiv)] = \u\ for all j = 1, .. . ,g. Then by Case 1.1.2 
or Case 5 of Lemma 3.1, we have 71 = Tfe7i, which means the chain 7, • • - 72 of shorter length 
has the same property as Uq - ■ - ivi does, contrary to the choice of the chain Uq - ■ - cvi. 
replace by {Ak,a^^). Then we get a contradiction in the same way, which completes the proof 
of the claim. □ 
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Case 2. b = x-^^ . 

Repeat similar arguments to those in Case 1. 
Case 3. 6 7^ xf^. 

Let p {1 <p <t) he such that degTj = provided 1 < i < p; degr^ > 1 provided p <i < s. As 
in Claim 5 of Lemma 3.2, we may assume that TiTj = TjTi for all 1 < i ^ j < p. So there exists q 
with 1 < q < p such that Tj has multiplier in Ci provided 1 < i < q; Ti has multiplier not in Ci 
provided q < i < p. 

Put w = Tq-i ■ ■ ■ Ti{u). Notice that Cj-syllables remain unchanged throughout the chain Tq-i • • • ti 
for all i > 2. Write 

(3.9) w = yiUiy2U2 ■ ■ ■ ymUm without cancellation, 

where for each i = 1, ... ,m, yi = xi or yi = x]^^, and Ui is a (non-cyclic) subword in {x2, ■ ■ ■ , Xn}^^- 
Let Fn+3 be the free group on the set 



Prom (3.9) we construct a sequence = {vi,V2, ■ . . ,Vm) of cyclic words Vi,V2, . . . ,Vm in 

m 

with bjl = 21^1, where m is the total number of occurrences of x-^ in u, as follows: for each 
j = l,...,m. 



{xi , . . . , Xm 3^71+1 ) •^2n+l ) -^Sn+l }• 



if Vj 




if Vj 



^ and = xi, then vj = Xn+iUjX^n+iUj 



if Vj 




-1. 



if Vj 




where ym+i = yi 
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Put / = {xi,Xn+i,X2n+i,X3n+i}^^ ■ Prom now on, when we say that {S,s) is a Whitehead 
automorphism of F^+s, the following restrictions are imposed on S and s: 

(1) s e {x2,...,Xn}^'^. 

(2) S satisfies one of (i) I Q S; (ii) I n S = {xi,X2n+i}^^; (iii) I H S = {xn+i,X3n+i}^^; (iv) 

/ns = 0. 

Then we can prove the following 

Claim 1. For each Whitehead automorphism t = (A, a) of F^ such that a ^ xf^ and \t{w)\ = \w\, 

m m 

there exists a Whitehead automorphism a of F^+z such that ^ = ^ \vj\ and q;(T4)) = 

J=l ■ 3=1 

Proof of Claim 1. Given a Whitehead automorphism r = {A, a), we define a Whitehead automor- 
phism a of Fn+3 as follows: If ^ e A, then a = {A + x^^^ + X2n+i + x^n+u '^); ^^^J ^ 
then a = {A + x^^ + xf^_^i,a); if only x^^ G A, then a = {A — x^^ + x^^^ + xf^_^i,a); if x^"*^ ^ ^, 
then a = {A, a). 

Then each newly introduced letter x^^ in passing from w to t{w) that remains in t{w) produces 
two newly introduced letters in passing from to a{Vyj) that remain in a{Vyj), and vice versa. 
Also each letter x^^ in w that is lost in passing from w to t(i(;) produces two letters x^^ in 



m m 

that are lost in passing from Vu, to a(y^), and vice versa. This yields that ^ = bjl- 

Moreover it is clear that a{Vyj) = □ 

The following claim is a converse of Claim 1. 

m ni 

Claim 2. For each Whitehead automorphism a = {S,s) of Fn+s such that = J2 I'^jl; 

3=1 j=i 

there exists a Whitehead automorphism r = {A,a) of F^ such that a xf^, \t{w)\ = \w\ and such 



that aiV-uj) = Vr(M;)- 

Proof of Claim 2. Given a Whitehead automorphism a = {S, s) of Fn+s, put T = S\I. And define 
a Whitehead automorphism r of F„ as follows: r = (T + x^^ , s) provided I C. S; r = {T + xi, s) 
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provided I O S = {xi,X2n+i}^^; t = {T + x^^,s) provided IDS = {a;„+i, X3„+i}=^^; r = (T, s) 
provided / fl 5 = 0. Then reasoning in the same way as in Claim 1, we get a desired result. □ 

For each = {Ai,ai), q < i < s, define a Whitehead automorphism Ui of -Fn+3 as in Claim 1. 
Also as in Claim 1, define a Whitehead automorphism /? of -F„+3 from cr^+i = {B,b). Then we have 

m mm 

|/3a<j • ■ ■ Oiq{vj)\ = Yl |oi ■ • • o:qivj)\ = I'^jl all i = q, . . . , s. Moreover, by the construction 
j=i j=i j=i 

of CKj and (3, the Whitehead automorphisms ojj and (3 of are of degree at most r + 1, and 

each of defining sets of and /3 contains either both of xf^ or none of xf^. This yields the same 
situation as for a chain of Whitehead automorphisms of Fn+3 of maximum degree r. 

Here we notice from Claims 1 and 2 that if r„ consists of g connected components, then either 
Tv^ consists of 5 + 1 connected components such that C, equals Cj of for all Cj's of Fy^ with 
Ci 7^ Ci and Cj 7^ C„+i, Ci equals Ci of F„ plus a;f^_,_j^, and such that C„+i = {a;„+i, X3„+i}^^; 
or Fy^ consists of g connected components such that C, equals Cj of F^ for all Cj's of Fy^ with 
Ci and such that Ci equals Ci of F^ plus {xn+i,X2n+i,xsn+i}^^ ■ 

The sequence V-^ = {vi, . . . ,Vm) satisfies neither Hypothesis 1.1 nor Hypothesis 1.3. However, 
this fact does not affect the proof of the base steps of the induction (that is. Lemmas 3.1 and 3.2) for 
the following four reasons: first each of the Whitehead automorphisms aj and /3 has multiplier only 
in {x2, . . . , Xn}^^; second only the proof of Case 2.1 of Lemma 3.2 is concerned with the Q-syllable 
length, but in the proof of Case 2.1 or cannot belong to the connected component Ci of Fy^ 
(in fact, if or belonged to Ci, such a situation as Case 2.1 could not occur); third Claim 5 holds 
for Vyj by replacing M with the set {(?!>( 14;) : ^ is a chain of Whitehead automorphisms of degree 
throughout which the length of Vyj is constant, |^(Kt,)|ci = iK^ICi for all Cj with Cj 7^ Ci, and 
|?!'(K«)|ci < |V'(^)|ci for every which has the same property as finally the same arguments 
as used in Claims 6 and 7 in Case 2.1 of Lemma 3.2 are valid for Vw, since Hypothesis 1.3 holds 
for Vyj if we only consider Q's of F„^ such that Xi ^ Q and Xn+i ^ Ci. 

This observation allows us to apply the induction hypothesis on r to Pas • • ■aq{Vu,). Hence, 
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there exist Whitehead automorphisms 71 , 72 , • • • , 7/i of -Pn+3 such that 



(3.10) 



Pas ■ ■ ■ aq{Vyj) = 7/1 • • • 7271 (K;), 



where r + 1 > deg7/j > deg^h-i > ■ ■ > deg7i (here note that there is no 7^ of degree 1), and 

m m 

E \li ■ = E \vj\ for alH = 1, . . . 



As in Claim 2, from each 7j we define a Whitehead automorphism Q of F„. Let k be such that 
deg(^j < 1 for 1 < j < A; and degQ > 2 for k < j < h. Since Pag ■ ■ ■ aq{Vuj) = V„^_^^Ts---Tg{w) ^^nd 
7fe • • • 727i(K;) = ^a-C2Ci(«')' ^6 ^^ve by (3.10) that 



where r + 1 > degC?i > degCh-i > • • • > degCfc > 2, and |Ci • • • CU'"^)! = |w| for z = 1, . . . , h. 
Applying the base step for r = 1 (that is, Lemma 3.2) to Ck-i " ■ 'Ci'^q-i ' ' 'Tii^) completes the 



The aim of this section is to prove Theorem 1.5. For a cyclic word w in let Nk{w) denote 
the cardinality of the set 0,k{w) = {4>{w) : (p can be represented as a composition • • - ti (s G N) 
of Whitehead automorphisms Tj of F„ of degree k such that |rj ■ ■ ■ ti{w)\ = \w\ for alH = 1, . . . , s}. 
Then bounding N(u) reduces to bounding each Nk(u), which is shown in the proof of Theorem 1.5 
using the result of Theorem 1.4. In Lemma 4.1 we bound No{u). In Lemma 4.2 we show that 
Nk{u) for /c > 1 is at most Nq{Vu), where Vu is a certain sequence of cyclic words constructed from 
u, thus bounding Nk{u) for A; > 1. 

Lemma 4.1. Let u be a cyclic word in F^. Then Nq{u) is bounded by a polynomial function of 
degree n — 2 with respect to \u\. 

Proof. Let rui be the number of occurrences of xf^ in u for i = 1, . . . , n. Clearly 



ai+iTs ■■■Tg{w) = Ch--- C2Cl(«^) 



proof of Case 3 . 



□ 



4. Proof of Theorem 1.5 
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So it suffices to show that No {x^^ ) is bounded by a polynomial function of degree n — 2 

with respect to \u\. For a cyclic word v in Fn, define \v\s as 

n 

Noting that Ix^^x™" • • • x™" |^ = n, put M = {v : \v\s = n and v = Q.oix'l'^xp ■ ■ ■ x";^")}, and 
C = {v : \v\s > n and v = ^o{x^'^x'!^^ ■ ■ ■ xj^")}- Obviously the cardinality of 7W is (n - 1)!. 

For the cardinality of C, let v e C. Taking an appropriate u' E M (note that u' can be chosen 
as follows: Write v = Xk^wiXk^^Wi ■ ■ ■ Xk„Wn (without cancellation), where Wi is a (non-cyclic) word 
in {xfc^, . . . }; then u' = x^^^x^^'^ ■ ■ 'X^^"), we have Whitehead automorphisms Tj = {Aj,aj) 
of Fn of degree such that 

(4.1) V = T,---Ti{u'), 

where \Tj ■ ■ ■ ti{u')\ = \u'\ and \Tj ■ ■ ■ ti{u')\s > \Tj-i ■ • • ti{u')\s for all j = 1, . . . , s. Then for any 
Tj = {Ai,ai) and Tj = {Aj,aj) with aj ^ a^^, if we replace Xj and Tj by {Ai,a^^) and {Aj,aJ^), 
respectively, if necessary so that af^ ^ Aj and a^^ ^ Ai, then Ai n Aj = 0. Hence by Case 1.1.2 
of Lemma 3.1 that TjTi = TjTj; thus (4.1) can be re-written as 

(4.2) V = tIT; ■ ■ ■ Tit ■ ■ ■ rlrt ■ ■ ■ rli K), 

where aui = a^' and Aki ^ Aki' provided i ^i'; a^i ^ a^l and {^1%^ ■ ■■tPi){tIII'' ■ • -r^f ) = 
(''"fctfc'" ■ ■ ■ '^ki^)i'^k''t*J' ' ' ' "^kK^) provided k ^ k' . Here we may assume by Case 1.2.1 of Lemma 3.1 
that Aki C Aki> if i < i' . Then Tki'Tki = TkiTki' by Case 1.2.1 of Lemma 3.1; hence Tk'i'Tki = TkiTk'i' 
for any r^j and Tk'i' in chain (4.2). 

Claim. The length of the chain of Whitehead automorphisms on the right-hand side of (4-2) is at 

p 

most n — 2 without counting multiplicity, that is, ii < n — 2. 

i=l 

Proof of the Claim. The proof proceeds by induction on the number of subwords of u' of the form 
x™' which are fixed throughout chain (4.2). For the base step, suppose that u' has two such 
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subwords ^ and ^ (note that u' must have at least two such subwords). The cychc word u' 
can be written as u' = xT^^^w (without cancellation), where w is a non-cyclic word that contains 
x™' for all i 7^ ri . Upon replacing Tjj by {Aij , a^^ ) if necessary, we may assume that x^^ ^ Aij for 
all Tjj in chain (4.2). Then the length of w is constant throughout the chain and only the subword 
x^^"^ of w is fixed in passing from w to T'^^J ■ ■ ■ ■ ■ ■ r^^"^ • ■ • rf" {w). It follows that the length 
of this chain is precisely (n — 1) — l = n — 2 without counting multiplicity. So the base step is done. 

Now for the inductive step, suppose that u' has A; subwords of the form a;™'* which are fixed 
throughout chain (4.2), say x^^^^ , . . . , x^J'' . Write the cyclic word u' as u' = x^^^^w (with- 
out cancellation), where u; is a non-cyclic word that contains a;™'' for all i ^ r\. As above, 
upon replacing Tjj by (^jj,a^-^) if necessary, we may assume that x^^ ^ Aij for all Tij in chain 
(4.2). We then have that only the subwords x^^'^ , . . . ,xTk'" of w are fixed in passing from w to 
'^pTj ' ' ' '^la ' ' ' '^itl^ ' ' ' '^11^ (^)' where the length of w is constant throughout the chain. 

Let (w) be the cyclic word associated with w. If none of Tij in chain (4.2) is of the form either 
(S — xf^^ — x^^,Xg) or (E — xf^^ — x^^,x~^), then chain (4.2) can be applied to (w) with Tij 7^ 1 on 
(w) for every Tij in the chain. Then by the induction hypothesis applied to (w), the length of the 
chain is at most {n — l) — 2 = n — 3 without counting multiplicity, as desired. If one of Tij in chain 
(4.2) is of the form either (S — xf"^ — x'^^,Xg) or (S — x^^ — x^^, x~^), then we see that there can 
be only one of Tij of such a form, so that chain (4.2) can be applied to (w) with only one Tij = 1 
on (w). This together with the induction hypothesis applied to {w) yields that the length of chain 
(4.2) is at most (n — 1) — 2 + l = ra — 2 without counting multiplicity, as required. □ 

Obviously each multiplicity qij is less than the number of a^^ occurring in u, so less than \u\. 
This together with the Claim yields that the total number of chains of Whitehead automorphisms 
with the same properties as in (4.2) is less than {^^2) where r is the number of Whitehead 

automorphisms of F„ of degree 0. Thus the cardinality of C is less than (ri — 1)! („!^2) 
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therefore 

iVoK^xr • • • C") = #M + #£ < (n - 1)! + (n - 1)! (^^ ^ ^ {u^^ 

which completes the proof the lemma. □ 

Remark. The proof of Lemma 4-1 can be applied without further change if we replace consideration 
of a single cyclic word u, the length \u\ of u, and the total number of occurrences of x^^ in u with 

m 

consideration of a finite sequence {ui, . . . ,Um) of cyclic words, the sum ^ of the lengths of 
Ml, ... , Ujn, and the total number of occurrences of xf^ in {ui, . . . , Um), respectively. 



Lemma 4.2. Let u be a cyclic word in F„ that satisfies Hypothesis 1.1. Then for each k = 
1, . . . ,n — 1, Nk{u) is bounded by a polynomial function of degree n + 3k — 2 with respect to \u\ 
(note that k is at most n — 1 by the Remark after Lemma 2.2). 

k 

Proof. Let rui be the number of occurrences of x^ in u for i = 1, . . . ,n, and let = ^ iT^j for 

i=i 

A; = 1, . . . ,n — 1. Write 

(4.3) u = yiUiy2U2 ■ ■ ■ yi^'^ek without cancellation, 

where for each i = 1, . . . ,£k, yi = Xj or y, = xj^ for some 1 < j < k, and Ui is a (non-cyclic) 
subword in {xk+i, • • • , a;„}^^. Let Fn+sk be the free group on the set 

{xi , . . . , Xfj, Xn-\-l ) • • • Xn-\-k ) •^2n-\-li • • • ) ■^2n+k i -^Sn+l j • • • ; -^Sn+Zc }• 

Prom (4.3) we construct a sequence F„ = {vi, . . . ,V(,^) of cyclic words vi,...,ve,^ in F„+3fc with 

Ik 

^ \vi\ = 2\u\ as follows: for each z = 1, . . . 

i=l 

if yi = Xj and yj+i = Xj', then Vi = XjUiX^n+j'Ui^\ 
if yi = xj^ and y^+i = Xj>, then Vi = Xn+jUiXsn+j'^i^; 
if yi = Xj and y^+i = xj,^ , then Vi = XjUiX2n+j'ui'^; 
iiyi= xj^ and y^+i = xj,^, then Vi = Xn+jUiX2n+j'U~^ , 

where y^+i = yi. 
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Claim. For each Whitehead automorphism o of of degree k such that \(7{u)\ = \u\, there exists 

tk Ik 

a Whitehead automorphism r o/F„_|_3fc of degree such that ^ = X] 1^*1 ^^u) = ^^[u)- 

i=l i=l 

Proof of the Claim. Let a = {S, a) be a Whitehead automorphism of F„ of degree k such that 
\o-{u)\ = \u\. Upon replacing a by {S,a~^), we may assume that a = {S,Xr)- Note by Lemma 2.2 
that the index r is bigger than k, since deg a = k. Put S = T + P + Q, where T = S H 
{xfc+i, . . . jXn}"^^, P = >S'n{a;i, . . . ,Xk} and Q = Sn{xi, . . . ,Xk}~^ (here note that T = T~^, since 
deg a = k). 

Then we consider the Whitehead automorphism r = {T+Pi+Qi,Xr) of Fn+3k of degree 0, where 
Pi = {xf^,X2n+i\xi e P} and Qi = {x^l^, xf^_^_^\xY^ G Q}. If the sequence K = (""1, • • ■,vej of 
cychc words v\,...,v^^ in F„+3fc is constructed as above, then each newly introduced letter x^^ in 
passing from u to (j{u) that remains in cr{u) produces two newly introduced letters xf-^ in passing 
from Vu to riyu) that remain in T(y„), and vice versa. Also each letter x^^ in u that is lost in 

passing from u to a{u) produces two letters xf^ in that are lost in passing from Vu to r(T4), 

ik ik 

and vice versa. This yields that ^ \T{vi)\ = ^ \vi\. Moreover it is clear that t{Vu) = Kt(m)- ^ 

1=1 1=1 

It is easy to see that if u' G ^k{u) with u' u, then Vu' ^ Vu- This together with the Claim 
gives us that Nk{u) < No{(vi,V2, ■ ■ ■ ,Vi^)). By the Remark after Lemma 4.1, Nq{{vi,V2, ■ ■ ■ ,V£i^)) 
is bounded by a polynomial function of degree n + 3k — 2 with respect to 2|n|, which completes the 
proof of the lemma. □ 

Finally we give a proof of Theorem 1.5. 

Proof of Theorem 1.5. 

Without loss of generality we may assume that u was chosen from the set {v G OrbAutF„ '■ 
\v\ = \u\} so that u satisfies Hypothesis 1.3. Let v G OrbAutF„(it) be such that \v\ = \u\. By 
Whitehead's Theorem, there exist Whitehead automorphisms tt of the first type and ai,. . . ,ae of 
the second type such that v = irai ■ ■ ■ cri{u), where • • • = \u\ for all i = 1, . . . , £. Then by 
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Theorem 1.4, there exist Whitehead automorphisms ti,... ,Ts such that v = ttTs ■ ■ ■ti{u), where 
n — 1 > degTs > degTs_i > • • • > degri, and \Tj ■ ■ ■ti{u)\ = \u\ for all j = 1, . . . ,s (here, note by 
the Remark after Lemma 2.2 that degr^ < n — 1). This implies that 

N{u) < CNoiu)Ni{u) ■ ■ ■ Nn-iiu), 

where C is the number of Whitehead automorphisms of the first type of (which depends only 
on n). For each A; = 0, 1, . . . , n — 1, Nk{u) is bounded by a polynomial function of degree n + 3k — 2 
with respect to \u\ by Lemmas 4.1 and 4.2. Therefore, N{u) is bounded by a polynomial function 
of degree n(5n — 7)/2 with respect to |n|, as required. □ 

5. Limitations 

We close this paper with a brief explanation why the presented technique is incapable of covering 
the entire problem domain (e.g. for the presented arguments cannot be applied). 

This amounts to explaining why condition (ii) of Hypothesis 1.1 cannot be dropped. As a matter 
of fact, in the presented arguments, condition (ii) of Hypothesis 1.1 played a most essential role, 
without which all of our arguments except Lemmas 2.1 and 4.1 would have broke down. Owing to 
Lemma 2.2 where we first used Hypothesis 1.1 (ii), we were able to assume throughout the paper 
that 

(5.1) j > i when considering Whitehead automorphisms {A,xf^) of degree i. 

This allowed us to exclude the worst case such as a E B, ^ B, b E A and ^ A in 
Lemma 3.1, for which case there does not exist a composition of Whitehead automorphisms of 
ascending degrees that equals {B,b){A,a). Also we proceeded with the proofs of Lemma 3.2 and 
Theorem 1.4 based on (5.1). For instance. Claim 1 in the proof of Lemma 3.2 yielded the existence 
r such that a^^ & Ag Ci B in Case 1.1, where we did not have to worry about the case where 
Ur E AgHB but ^ AgClB. Furthermore, the equality in the Claim in the proof of Lemma 4.2 
would not have hold without (5.1). 
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